Abstract. Given a flat local ring homomorphism R → S, and two finitely generated R-modules M and N , we describe conditions under which the modules Tor Convention. Throughout this paper, the term "ring" is short for "commutative noetherian ring with identity", and "module" means "unital module".
Fact 1. Let ϕ : (R, m, k) → (S, n, l) be a flat local ring homomorphism such that the induced map R/m → S/mS is an isomorphism, and let N be a finitely generated R-module. Then the following conditions are equivalent:
(i) N has an S-module structure compatible with its R-module structure via ϕ.
(ii) The natural map Hom R (S, N ) → N given by f → f (1) is an isomorphism.
(iii) The natural map N → S ⊗ R N given by n → 1 ⊗ n is an isomorphism. (viii) For all p ∈ Min R (N ) (equivalently, for all p ∈ Supp R (N )), the induced map R/p → S/pS is an isomorphism.
Condition (viii) in this fact shows that ascent (i.e., condition (i)) is somehow a topological condition on the closed set Supp R (N ) ⊆ Spec(R). The point of this note is to exploit this idea to identify conditions on M and N that guaranteed ascent of module structures for Ext Our main result is the following. Theorem 3. Let ϕ : (R, m, k) → (S, n, l) be a flat local ring homomorphism such that the induced map R/m → S/mS is an isomorphism, and let M and N be finitely generated R-modules. Then the following conditions are equivalent:
(i) M ⊗ R N has an S-module structure compatible with its R-module structure via ϕ. 
We leave other such variations to the interested reader. See, though, Proposition 13.
Regarding the range i 1 in condition (v), note that the module
The proof of Theorem 3 is given in Proof 8 below, after a few preliminaries.
Notation 5. Because it is convenient for us, we use some standard notions from the derived category D(R) of the category of R-modules [5, 6, 7] , with some notation that is summarized in [2] . In particular, R-complexes are indexed homologically
Given two R-complexes X and Y , the derived Hom-complex and derived tensor product of X and Y are denoted RHom R (X, Y ) and X ⊗ L R Y , respectively. We use the term "morphism of complexes" (also known as "chain map") for a morphism in the category of R-complexes. A quasiisomorphism is a morphism of complexes such that each induced map on homology modules is an isomorphism. The complex Σ n X is obtained by shifting X by n steps to the left.
The next two lemmas are almost certainly standard, but we include proofs since they are relatively straightforward. Proof. Let K denote the Koszul complex on a system of parameters for R. We use the depth-sensitivity of K, which states that dim
Since the homologies of K ⊗ L R N have finite length and M is a non-zero module, it follows that
from which we conclude that sup(RHom R (M, N )) − depth R (N ). The desired conclusion now follows.
Lemma 7. Let R be a ring, and let f : X → Y be morphism of R-complexes.
Assume that H i (X) and H i (Y ) are finitely generated over R for all i. Let x = x 1 , . . . , x n be a sequence in the Jacobson radical of R, and let K be the Koszul complex K R (
x). Then f is a quasiisomorphism if and only if
Proof. The forward implication follows from the fact that K is a bounded (below) complex of flat R-modules. For the converse, assume that K ⊗ R f is a quasiisomorphism. It follows that the mapping cone Cone(K ⊗ R f ) ∼ = K ⊗ R Cone(f ) is exact, and it suffices to show that Cone(f ) is exact. This is done by induction on n, the length of the sequence x; this reduces immediately to the case n = 1. Part of the long exact sequence for Cone(f ) and K R (x 1 ) ⊗ R Cone(f ) has the following form.
Since the homology module H i (Cone(f )) is finitely generated, Nakayama's Lemma implies that H i (Cone(f )) = 0. N ) ) and Supp R (Tor
(iv) =⇒ (vii). Assume that Ext i R (M, N ) has an S-module structure compatible with its R-module structure via ϕ for i = 0, . . . , dim R (N ) − 1. Fix a prime p ∈ Supp R (M ) ∩ Supp R (N ), and suppose that the induced map R/p → S/pS is not bijective. Applying Fact 1 to the modules Ext
However, since M p = 0 = N p , Lemma 6 implies that there is an integer i 0
It follows that p = m, so the induced map R/p → S/pS is an isomorphism by assumption, contradicting our supposition on p.
(v) =⇒ (vi). Assume that Ext i R (S ⊗ R M, N ) is finitely generated over R for all i 1. Remark 4 implies Ext i R (S ⊗ R M, N ) is finitely generated over R for all i 0. Let J be an R-injective resolution of N , and let P be an R-projective resolution of M . To show that the natural map Ext N ) is bijective for all i 0, it suffices to show that the natural chain map
is a quasiisomorphism.
Let K = K R (y 1 , . . . , y e ) denote the Koszul complex on a minimal generating sequence for m. Our assumption implies that the complexes Hom R (S ⊗ R P, J) and Hom R (P, J) have finitely generated homology over R. Thus, Lemma 7 shows that it suffices to show that the following induced chain map is a quasiisomorphism.
The chain map K ⊗ R f is compatible with the following (quasi)isomorphisms.
The first step in this sequence is adjointness. The second and fourth steps follow from the fact that K is a self-dual bounded complex of finite-rank free R-modules. For the third step, the assumptions on ϕ imply that the chain map K → K ⊗ R S is a quasiisomorphism (see [4, 2.3] ); since Hom R (P, J) is a bounded-above complex of injective R-modules, the induced chain map
is also a quasiisomorphism. The sequence X 1 , . . . , X j is R-regular, so the Koszul complex K R (X 1 , . . . , X j ) is an R-free resolution of M . The fact that X 1 , . . . , X j is N -regular implies that
As each Ext
In particular, the module Ext Remark 11. Let R be a ring with Jacobson radical J. Nakayama's Lemma implies that every finitely generated R-module is in NAK(R). When R is local, the terminology "L satisfies NAK" from [1] is equivalent to L ∈ NAK(R).
Remark 12. In [1] , it is shown that the conditions of Fact 1 are equivalent to the following condition:
The next result gives a version of this in our situation. (Note that the numbering is chosen to compare with the conditions in Theorem 3.) Proposition 13. Let ϕ : (R, m, k) → (S, n, l) be a flat local ring homomorphism such that the induced map R/m → S/mS is an isomorphism, and let M and N be finitely generated R-modules. Consider the following conditions: Proof. Note that, for any S-module L, one has L/mL = L/nL since n = mS. Thus, one has L ∈ NAK(R) if and only if L ∈ NAK(S). Also, the implication (v') =⇒ (v) is trivial. 
